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Noetherian type and Noetherian π-type are two cardinal functions which were introduced
by Peregudov in 1997, capturing some properties studied earlier by the Russian School.
Their behavior has been shown to be akin to that of the cellularity, that is the supremum
of the sizes of pairwise disjoint non-empty open sets in a topological space. Building
on that analogy, we study the Noetherian π-type of κ-Suslin Lines, and we are able to
determine it for every κ up to the ﬁrst singular cardinal. We then prove a consequence
of Chang’s Conjecture for ℵω regarding the Noetherian type of countably supported box
products which generalizes a result of Lajos Soukup. We ﬁnish with a connection between
PCF theory and the Noetherian type of certain Pixley–Roy hyperspaces.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction and notation
In this paper the letter X always denotes a topological space and every topological space is assumed to have at least
two points. Cardinals are initial ordinals and they are provided with the order topology. The symbol cov(κ,< μ) denotes
the coﬁnality of the partial order ([κ]<μ,⊆). All undeﬁned notions can be found in [2] for Topology and [4] for Set Theory.
A cardinal function is a function from the class of all topological spaces into the class of all cardinals which is invariant
under homeomophisms. Some cardinal functions measure the least size of a given family of subsets of topological spaces.
For instance, the π -weight of X (πw(X)) is deﬁned as the minimum size of a π -base of X (that is, a set P of non-empty
open subsets of X , such that for every non-empty open set U ⊂ X , there is P ∈ P with P ⊂ U ). Other cardinal functions
are deﬁned as the supremum of the sizes of certain objects in a topological space. For example, the cellularity of X (c(X))
is deﬁned as the supremum of the sizes of families of pairwise disjoint non-empty open sets in X . The cardinal functions
we take up in this paper deviate from this two-faced model and all stem from the following order-theoretic deﬁnition.
Deﬁnition 1.1. (See [9].) Let (P ,) be a partially ordered set. We say that P is κop-like if every bounded subset of P has
cardinality strictly less than κ .
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containment. We focus on bases and π -bases, thus giving rise to the following two order-theoretic cardinal functions, which
were introduced by Peregudov in [10].
Deﬁnition 1.2. Let X be a space. The Noetherian type of X (Nt(X)) is the minimum cardinal κ such that X has a κop-like
base, with respect to ⊇. The Noetherian π -type of X (πNt(X)) is the minimum cardinal κ such that X has a κop-like π -base.
Spaces of countable Noetherian type were called Noetherian in [11,8] and OIF spaces in [1]. Based on their deﬁnition,
Noetherian type and Noetherian π -type may seem like order-theoretic versions of the weight and the π -weight. However
their behavior seem to deviate a lot from their classical counterparts. Spaces of countable Noetherian type can in fact have
arbitrarily large π -weight (simply take a Cantor cube of weight κ ). These cardinal functions rather exhibit a behavior which
is closer to the cellularity. Some evidence to this claim is provided by David Milovich’s theorem from [9] saying that compact
homogeneous dyadic spaces have countable Noetherian type, and by a bound for the Noetherian type in the Gδ topology
which was proved in [6]. We wish to elaborate more on this aﬃnity by studying the Noetherian π -type of higher Suslin
Lines in the ﬁrst section. In [6] the authors showed how the Noetherian type of a deceivingly simple space like (2ℵω , τ<ω1 ),
that is, the product of ℵω many copies of the two-point discrete space, cannot be determined in ZFC. In particular this
Noetherian type takes its largest possible value if Chang’s Conjecture for ℵω holds along with the GCH (this was ﬁrst proved
by Soukup in [13]) and its minimum value in the constructible universe. Here we extend Soukup’s result by replacing the
two-point discrete space with a much larger class of spaces, which includes all scattered spaces. We ﬁnish with another
topological equivalent of a set-theoretic statement introduced in [6], which leads to sharp bounds to the Noetherian type
of certain Pixley–Roy Hyperspaces. In particular, we ﬁnd that the gap between the Noetherian type of a space and the
Noetherian type of its Pixley–Roy hyperspace can be very large.
2. On the Noetherian π -type of higher Suslin Lines
Recall that a κ-Suslin Line L is a linearly ordered set satisfying the following properties:
(1) L is dense, that is, the order topology on L has no isolated points.
(2) L is complete, that is, every non-empty bounded subset of L has an inﬁmum and a supremum.
(3) L has cellularity no greater than κ , that is no pairwise disjoint family of intervals in L has size κ+ .
(4) L has density greater than κ , that is no set of size κ is dense in L with the order topology.
An ℵ0-Suslin Line is thus a usual Suslin Line. The existence of a κ-Suslin Line is known to be consistent with ZFC, for
every cardinal κ .
David Milovich ([9], Theorem 2.26) proved that the Noetherian π -type of a Suslin Line is uncountable. We modify some
arguments of Juhász, Soukup and Szentmiklóssy from [5] to determine the exact Noetherian π -type of higher Suslin Lines.
We begin with a lemma which must be well-known.
Lemma 2.1. Let L be a complete dense linear order. Then L contains a dense set of points of countable π -character.
Proof. Let (a,b) be a non-empty open interval. We claim that (a,b) contains a point of countable π -character. Let c ∈
(a,b) and suppose you have constructed {xi: i  n} ⊂ (a, c). Choose xn+1 ∈ (xn, c). Then y = sup{xn: n < ω} ∈ (a,b) and
{(xn, y): n < ω} is a local π -base at y. 
The argument used by Milovich to prove that every Suslin Line has uncountable Noetherian type extends verbatim to
prove the following lemma.
Lemma 2.2. Let L be a κ-Suslin Line. Then πNt(L) ℵ1 .
Theorem 2.3. Let L be a κ-Suslin Line. Then πNt(L) κ+ .
Proof. Let D ⊂ L be the set of all points of countable π -character. By Lemma 2.1, D is dense in L and so, d(D) = κ+ . So
there is a dense set E = {xα: α < κ+} ⊂ D which is left separated in type κ+ . In other words, for every α < κ+ there is
a neighbourhood Uα of xα such that Uα ∩ {xβ : β < α} = ∅. Let Bα be a countable local base at xα such that B ⊂ Uα for
every B ∈ Bα . Then B =⋃{Bα: α < κ+} is a π -base such that |{B ∈ B: xα ∈ B}| κ . Now, from this observation and the
fact that E is dense in X it follows that B is (κ+)op-like. 
Given a set map F : S →P(S), recall that a set is called free for F if for every x, y ∈ S with x 
= y we have that x /∈ F (y)
and y /∈ F (x).
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|F (x)| < κ for every x ∈ S. Then there is a set D ⊂ S such that |D| = |S| and D is free for F .
Theorem 2.5. Let X be a space such that πNt(X) < d(X), c f (πNt(X))  ℵ1 and X contains a dense set of points of countable
π -character. Then there is a discrete set D ⊂ X such that |D| d(x).
Proof. Let B be a π -base witnessing πNt(X) < d(X) and for every B ∈ B choose xB ∈ B such that πχ(xB , X)  ℵ0. Let
S = {xB : B ∈ B}. Note that S is dense in X so |S| d(X). For every x ∈ S , ﬁx a countable local π -base {Uxn: n < ω} at x and
set:
F (x) = {xB ∈ S: (∃n < ω)
(
Uxn ⊂ B
)}
.
Then |F (x)| < πNt(X). Indeed, suppose by contradiction that |F (x)| πNt(X). Since πNt(X) has uncountable coﬁnality,
by the pigeonhole principle there would be n < ω and S ⊂ B such that |S| = πNt(X) and Unx ⊂ B for every B ∈ S . But that
is a contradiction. So by Lemma 2.4 there is a set D ⊂ S such that |D| = |S| and D is free for F . We claim that D is discrete
in X . Indeed, let xB ∈ D , and suppose by contradiction that there is a point x ∈ D ∩ B \ {xB}. By D ∩ F (x) ⊂ {x} we have
xB /∈ F (x). So Uxn  B for every n < ω, which implies x /∈ B and that is a contradiction. 
Corollary 2.6. Let L be a κ-Suslin Line, where κ < ℵω . Then πNt(L) = κ+ .
Proof. By Theorem 2.3 and Lemma 2.2 we have that ℵ1  πNt(L) κ+ < ℵω . Thus cf (πNt(L)) is uncountable. If πNt(L) <
κ+ = d(L), then by Theorem 2.5, L would contain a discrete set of size κ+ . But that is a contradiction because the supremum
of the sizes of the discrete sets coincides with the cellularity in linearly ordered spaces. 
Question 2.7. Is it true that if κ is any cardinal and L is a κ-Suslin Line then πNt(L) = κ+?
3. Chang’s Conjecture for ℵω and the Noetherian type of box products
We denote by (Xκ , τ<μ) the topology on Xκ generated by the < μ-supported boxes, that is the sets of the form∏
α<κ Wα , where Wα is open in X and |{α < κ: Wα 
= X}| < μ.
L. Soukup ([13], see also [6]) proved that if Chang’s Conjecture for ℵω holds then Nt((2ℵω , τ<ω1 )) ℵ2. We reﬁne this
theorem by replacing the two-point discrete space 2 with a much more general class of spaces.
For cardinals λ,κ,μ,τ , the statement (λ,κ) (μ, τ ) means that for every structure (A, B, . . .) with a countable sig-
nature such that |A| = λ and |B| = κ , there is an elementary substructure (A′, B ′, . . .) ≺ (A, B, . . .) such that |A′| = μ and
|B ′| = τ . Chang’s Conjecture for ℵω is the assertion that (ℵω+1,ℵω) (ℵ1,ℵ0). The consistency of Chang’s Conjecture for
ℵω with the GCH was proved in [7] assuming the consistency of a cardinal slightly larger than a huge cardinal.
In this and the following section we will make use of the following combinatorial tool, which was introduced in [6].
Deﬁnition 3.1. (See [6].) Let λ, κ and μ be inﬁnite cardinals. A family F ⊂ [κ]ω is called (κ,μ)-sparse if for every set G ⊂F
such that |G| κ we have |⋃G|μ.
Lemma 3.2. (See [6].)
(1) If ℵω and ℵωω = ℵω+1 hold then ([ℵω]ω,⊆) contains an (ℵ1,ℵ1)-sparse coﬁnal family.
(2) (L. Soukup, [13]) Under Chang’s Conjecture for ℵω there are no (ℵ1,ℵ1)-sparse coﬁnal families in ([ℵω]ω,⊆).
(3) Under Martin’s Maximum ([ℵω]ω,⊆) contains an (ℵ2,ℵ1)-sparse coﬁnal family.
(4) ([ℵω]ω,⊆) contains an (ℵ4,ℵ1)-sparse coﬁnal family.
Given a family U of subsets of X , deﬁne ord(x,U) = |{U ∈ U : x ∈ U }|.
Lemma3.3. Let Y be a regular space and X be a dense subspace of (Y ℵω , τ<ω1 ). Let λ be a cardinal such that λmin{cov(ℵω,ω), |X |}.
Let U be any base for X. Then there is a point x ∈ X such that ord(x,U) λ.
Proof. Suppose by contradiction that X has a base U such that ord(x,U) < λ for every x ∈ X .
Claim 1. If x is not isolated, then there is a set S ⊂ X \ {x} such that |S| < λ and x ∈ S.
Proof of Claim 1. Simply note that the character of every point in X is strictly less than λ. 
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and let B′ be the following base:
B′ = {B ∩ X: supp(B) ∈F and (∀α ∈ supp(B))(Int(πα(B)
)= πα(B)
)}
.
B′ is a base for the product because X is regular. For x ∈ X , let Ux = {U ∈ U : x ∈ U }. Then |Ux| < λ for every x ∈ X . Deﬁne
a local base Bx at x in X as follows:
Bx =
{
B ∩ X: B ∈ B ∧ (∃U ∈ U)(x ∈ B ∩ X ⊂ U )}.
Given A⊂ B deﬁne S(A) = {supp(B): B ∩ X ∈A}.
Claim 2. |S(Bx)| < cov(ℵω,ω), for every x ∈ X.
Proof of Claim 2. Suppose by contradiction that |S(Bx)|  cov(ℵω,ω) for some x ∈ X . By regularity of cov(ℵω,ω) and
ord(x,U) < λ  cov(ℵω,ω) there would be a set C ⊂ Bx such that |S(C)|  cov(ℵω,ω) and an open set U ∈ U such that
x ∈ B ∩ X ⊆ U for every B ∈ C . Now for every B ∈ C we can ﬁnd V B ∈ U such that x ∈ V B ⊆ B ∩ X ⊆ U . Since ord(x,U) < λ
there is D ⊂ C and a ﬁxed V ∈ U such that |S(D)|  cov(ℵω,ω) and x ∈ V ⊂ B ∩ X ⊂ U . Let now B ′ be a box such that
B ′ ∩ X ∈ B and x ∈ B ′ ∩ X ⊂ V ⊂ B ∩ X ⊂ U . By the deﬁnition of B and the density of X we have that B ′ ⊂ B , and hence
supp(B) ⊂ supp(B ′) for every B ∈ C , but this contradicts the fact that F is (ℵ4,ℵ1)-free. 
Claim 3. Let {xα: α < κ} be an arbitrary enumeration of X and ﬁx β < λ κ . If γ  β then xγ /∈ {xα: α < β}.
Proof of Claim 3. From Claim 2 and the regularity of cov(ℵω,ω) it follows that
∣∣∣∣
⋃
α<β
S(Bxα )
∣∣∣∣< cov(ℵω,ω).
Hence there is A ∈ [ℵω]ω such that A is not covered by the support of any box W such that W ∩ X ∈⋃α<β Bxα . Let
G = B1 ∩ X ∈ B be such that xγ ∈ G and B1 is a box with supp(B1) = A. Then there is U ∈ U such that xγ ∈ U ⊂ G . For
some H = B2 ∩ X ∈ B we have xγ ∈ H ⊂ U ⊂ G . Now by the density of X and the deﬁnition of B we have that B2 ⊂ B1
and hence A = supp(B1) ⊂ supp(B2). Therefore H /∈⋃α<β Bxα and hence H is an open neighbourhood of xγ in X such that
H ∩ {xα: α < β} = ∅. 
Claim 4. Every subset of X of size strictly less than λ is closed discrete.
Proof of Claim 4. Let F ⊂ X be such that |F | < λ and let {xα: α < κ} be an enumeration of X such that F coincides with
one of its initial segments. Then by Claim 2, F is closed. This proves that every < λ-sized subset of X is closed. But then
each subset of F is closed and therefore F is also discrete. 
Comparing Claims 1 and 4 one gets a contradiction. Thus, there is x ∈ X such that ord(x,U) λ. 
A point x ∈ X is called a Pω1 -point if for every family U of  ℵ1 many neighbourhoods of x, the set
⋂U has non-empty
interior. Every isolated point is of course a Pω1 -point.
Theorem 3.4. Assume Chang’s Conjecture for ℵω . Let Y be a regular space having a dense set of Pω1 -points. Let X be the space
(Y ℵω , τ<ω1 ). Then Nt(X) ℵ2 .
Proof. Let B be a base for X and Z ⊂ Y be the set of all Pω1 -points. Use Chang’s Conjecture for ℵω to ﬁnd, for large enough
regular θ , an elementary submodel M ≺ H(θ) such that:
{ℵω,ℵω+1, Y , Z ,B} ⊂ M, |M ∩ ℵω+1| = ℵ1 and |M ∩ ℵω| = ℵ0.
Since Zℵω ∈ M is dense in X ∈ M with the induced topology and ℵω+1  cov(ℵω,ω) = min{|Zℵω |, cov(ℵω,ω)}, by
Lemma 3.3, we can ﬁx a point f ∈ Zℵω ∩ M such that {B ∈ B: f ∈ B} has size at least ℵω+1. So let F : ℵω+1 → I :=
{B ∈ B: f ∈ B} be a one-to-one function. By elementarity, we can assume that F ∈ M . Now F  M is a one-to-one function
between an uncountable set and I ∩ M , which shows that I ∩ M is uncountable. Let J ⊂ I ∩ M be a set of size ℵ1. For every
B ∈ J ﬁx a box W ∈ M such that f ∈ W ⊂ B . Let W be the set of all such boxes. Since supp(W ) ∈ M and |supp(W )| ℵ0,
we have supp(W ) ⊂ M for every W ∈W . For every α ∈ M ∩ ℵω let now Bα ⊂⋂W∈W πα(W ) be a non-empty open set.
We can ﬁx such a set because πα( f ) ∈ πα(W ) for every W ∈W and πα( f ) is a Pω1 -point. Let now B be the countably
supported box deﬁned as πα(B) = Bα if and only if α ∈ M ∩ ℵω and πα(B) = Y otherwise. Then B ⊂ W for every W ∈W ,
which proves that B is not ωop-like. 1
S. Spadaro / Annals of Pure and Applied Logic 163 (2012) 1865–1871 1869Recall that a space is scattered if each of its subsets has an isolated point. Every scattered space has a dense set of
isolated points, so Theorem 3.4 has the following corollary.
Corollary 3.5. Assume Chang’s Conjecture for ℵω . Let X be a regular scattered space. Then Nt((Xℵω , τ<ω1 )) ℵ2 .
Corollary 3.6. (See L. Soukup, [13].) Nt((2ℵω , τ<ω1 )) ℵ2 under Chang’s Conjecture for ℵω .
In [6] the authors provided a model of Chang’s Conjecture for ℵω where the Noetherian π -type of (2ℵω , τ<ω1 ) is ℵ1, so
it is not clear whether the Noetherian π -type of (2ℵω , τ<ω1 ) can be pushed above ℵ1. However, the Noetherian π -type of
the small σ -product of such a space is indeed inﬂuenced by Chang’s conjecture.
Let σ(2ℵω ) = {x ∈ 2ℵω : |x−1(1)| < ω}.
Theorem 3.7. Suppose that Chang’s Conjecture for ℵω holds. Let X be the space σ(2ℵω ) with the topology induced by (2ℵω , τ<ω1 ).
Then πNt(X) ℵ2 .
Proof. Note that πw(X) = cov(ℵω,ω)  ℵω+1 while |X | = ℵω . Therefore, for every π -base P there is a point x ∈ X such
that |{P ∈P: x ∈ P }| ℵω+1. Now, an argument similar to the proof of Theorem 3.4 shows that πNt(X) ℵ2. 
Corollary 3.8. There are models of ZFC where the Noetherian π -type of (2ℵω , τ<ω1 ) is ℵ1 , but (2ℵω , τ<ω1 ) contains a closed subset of
Noetherian π -type > ℵ1 .
Proof. In Theorem 3.8 of [6] the authors proved that adding ℵω+1 Cohen reals to any model of Chang’s Conjecture
for ℵω one gets a model where πNt((2ℵω , τ<ω1 )) = ℵ1 and Chang’s Conjecture for ℵω still holds. By Theorem 3.7
πNt(σ (2ℵω )) ℵ2 in that model and σ(2ℵω ) embeds as a closed subset into (2ℵω , τ<ω1 ). 
Note that in the model of Corollary 3.8 the Noetherian type of (2ℵω , τ<ω1 ) is at least ℵ2. However, to get a model of ZFC
where the Noetherian type of (2ℵω , τ<ω1 ) is ℵ1 but (2ℵω , τ<ω1 ) contains a closed subset of Noetherian type > ℵ1 it suﬃces
to take any model of ℵω and ℵωω = ℵω+1. Indeed, (2ℵω , τ<ω1 ) has Noetherian type ℵ1 in that model by Lemma 3.2 and
Corollary 4.5 and it contains a closed copy of the one-point lindelöﬁcation of a discrete set of size ℵ2, which has Noetherian
type ℵ3 according to Theorem 4.2 below.
4. On the Noetherian type of Pixley–Roy Hyperspaces
It can be proved that Nt(Exp(X)) Nt(X), where Exp(X) is the set of all ﬁnite subsets of X with the Vietoris topology.
This was essentially proved by Peregudov and Shapirovskii in [11]. We don’t know, at the moment, of any space such that
Nt(Exp(X)) < Nt(X).
Let (X, τ ) be a space and PR(X) = [X]<ω . We deﬁne a topology on PR(X) by declaring the set {[F ,U ]: F ∈ PR(X), U ∈ τ }
to be a base, where [F ,U ] = {G ∈ PR(X): F ⊂ G ⊂ U }. This is a well-known hyperspace construction called the Pixley–Roy
topology on X (see [14]). Hajnal and Juhász remarked in [3] that all cardinal functions on PR(X) are easy to compute in
terms of their values on X , except for the cellularity. We think that Noetherian type might be one more exception.
We tested the following conjecture on several examples of spaces.
Conjecture 4.1. Nt(PR(X)) Nt(X).
Our aim in this section is to show that the gap between Nt(PR(X)) and Nt(X) can be as large as the gap between ℵ4
and ℵα for countable α.
Given cardinals κ and μ, we denote by Aμ(κ) the topology on κ ∪ {p} such that every point of κ is isolated and a
neighbourhood of p is a set of the form {p} ∪ κ \ C , where |C | < μ.
Theorem 4.2. Let κ and μ be cardinals such that cf (cov(κ,< μ)) > μ. Then Nt(Aμ(κ)) = cov(κ,< μ)+ .
Proof. Note that Nt(Aμ(κ))  cov(κ,< μ)+ since w(Aμ(κ)) = cov(κ,< μ) and the inequality Nt(X)  w(X)+ is true for
every space X .
For the reverse inequality let λ = cov(κ,< μ) and suppose by contradiction that X has a λop-like base B. For every
B ∈ B such that p ∈ B let CB ∈ [κ]<μ be such that κ \ CB ⊂ B . Let C be the collection of all these CB ’s. By reﬁning C we can
assume it has size cov(κ,< μ). If we could ﬁnd λ many elements of C which miss some ordinal γ then the isolated point
γ would have λ many distinct supersets in B, thus contradicting the fact that B is λop-like. Now, since cf (cov(κ,< μ)) > μ,
then for every α < μ we can ﬁnd βα < λ such that α ∈ Cγ for every γ  βα . Let β = supα<μ βα < λ. Then μ ⊂ Cβ+1 thus
contradicting the fact that Cβ+1 has size smaller than μ. 
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Theorem 4.4. Let X be the one-point lindelöﬁcation of a discrete space of size μ. Then Nt(PR(X)) κ if and only if there is a (κ,ℵ1)-
sparse coﬁnal family in ([μ]ω,⊆).
Proof. Let p be the unique non-isolated point of X and note that if F ∈ [X]<ω and p /∈ F then F is an isolated point
in the Pixley–Roy topology. Suppose that a (κ,ℵ1)-sparse family C exists in ([μ]ω,⊆). For every F such that p ∈ F , let
CF = {C \ F : C ∈ C}. Then CF is a (κ,ℵ1)-sparse family covering every countable subset of X missing F and so BF =
{[F ,μ \ C]: C ∈ CF } is a local base at F . Let B =⋃{BF : p ∈ F } ∪ {{F }: p /∈ F }. We claim that B is a κop-like base for PR(X).
Indeed, suppose by contradiction that [F ,μ \ C] ⊂ [Fα,μ \ Cα] for every α < κ and some family {Cα: α < κ} ⊂ C . We have
that Fα ⊂ F for every α < κ , so we may assume that for some G we have Fα = G and Cα ∈ CG for every α < κ . We have
that Cα ⊂ C for every α and G ⊂ F . So Cα ∪ G ⊂ C ∪ F for every α < κ , contradicting the fact that C is (κ,ℵ1)-sparse.
Vice versa, suppose that B is a κop-like base for X and let F ∈ PR(X) be a point such that p ∈ F . Let {[F ,μ \ C]: C ∈ C}
be a standard local base at F reﬁning elements of B. We claim that {C ∪ F : C ∈ C} is a (κ,ℵ1)-sparse coﬁnal family of
countable subsets of μ. Indeed, suppose by contradiction that Cα ∪ F ⊂ C ∪ F , for every α < κ . Then F ∩ (Cα ∪ C) = ∅
implies that Cα ⊂ C and hence [F ,μ \ C] ⊂ [F ,μ \ Cα], which contradicts the fact that B is κop-like. 
Corollary 4.5. The following are equivalent:
(1) There is a coﬁnal (κ,ℵ1)-sparse family on ([μ]ω,⊆).
(2) Nt((2μ,τ<ω1 )) κ .
(3) Nt(PR(Aω1 (μ)) κ .
Proof. The equivalence (1) ⇐⇒ (2) was proved in [6] while the equivalence (1) ⇐⇒ (3) follows from Theorem 4.4. 
From Lemma 3.2 and Theorem 4.4 the next corollary follows.
Corollary 4.6.
(1) For every μ < ℵω , Nt(PR(Aω1 (μ)) ℵ1 .
(2) Nt(PR(Aω1 (ℵω)) ℵ4 .
(3) If Chang’s Conjecture for ℵω holds then Nt(PR(Aω1 (ℵω)) ℵ2 .
(4) If Martin’s Maximum holds then Nt(PR(Aω1 (ℵω)) ℵ2 .
Corollary 4.7. The gap between Nt(PR(X)) and Nt(X) can be as large as the gap between ℵ4 and ℵα for any α < ω1 .
Proof. Assuming the consistency of a supercompact cardinal Shelah [12] proved the consistency of ℵω is strong limit and
2ℵω = ℵα+1, for every α < ω1. It is easy to see that in the resulting model 2ℵω = (ℵω)ω and since (ℵω)ω = cov(ℵω,ω) · 2ω
and 2ω < ℵω we have that cov(ℵω,ω) = ℵα+1. So it suﬃces to take X to be the one-point lindelöﬁcation of a discrete set
of size ℵω . 
Question 4.8. Is there a space X such that the gap between Nt(X) and Nt(PR(X)) is not bounded in ZFC?
Added in print: In very recent private communication, David Milovich noted that it follows from [H. Bennett, W. Fleissner,
D. Lutzer, Metrizability of certain Pixley–Roy spaces, Fund. Math. 110 (1980) 51–61] that the answer to Question 4.8 is yes.
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